A note on fractional derivatives and fractional powers of operators  by Ashyralyev, A.
J. Math. Anal. Appl. 357 (2009) 232–236Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
A note on fractional derivatives and fractional powers of operators
A. Ashyralyev
Department of Mathematics, Fatih University, Istanbul, Turkey
a r t i c l e i n f o a b s t r a c t
Article history:
Received 27 August 2008
Available online 11 April 2009
Submitted by I. Podlubny
Keywords:
Fractional derivatives
Fractional powers
Positive operators
Deﬁnitions of fractional derivatives and fractional powers of positive operators are
considered. The connection of fractional derivatives with fractional powers of positive
operators is presented. The formula for fractional difference derivative is obtained.
© 2009 Elsevier Inc. All rights reserved.
1. Fractional derivatives and fractional powers of positive operators.
Let us give deﬁnitions of fractional derivatives (see [1–4]) and fractional powers of positive operators (see [5,6]) that will
be needed below.
Deﬁnition 1. If f (x) ∈ C([a,b]) and a < x< b, then
Iαa+ f (x) :=
1
Γ (α)
x∫
a
f (t)
(x− t)1−α dt,
where α ∈ (−∞,∞), is called the Riemann–Liouville fractional integral of order α. In the same fashion for α ∈ (0,1) we let
Dαa+ f (x) :=
1
Γ (1− α)
d
dx
x∫
a
f (t)
(x− t)α dt,
which is called the Riemann–Liouville fractional derivative of order α.
Note that if f (a) = 0, then we can write
Dαa+ f (x) :=
1
Γ (1− α)
x∫
a
f ′(t)
(x− t)α dt.
Here
Γ (α) =
∞∫
0
sα−1e−s ds (α > 0). (1.1)
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Deﬁnition 2. The operator A is said to be positive if its spectrum σ(A) lies in the interior of the sector of angle ϕ ,
0 < 2ϕ < 2π , symmetric with respect to the real axis, and if on the edges of this sector, S1 = [ρ exp(iϕ): 0  ρ < ∞]
and S2 = [ρ exp(−iϕ): 0 ρ < ∞], and outside it the resolvent (λI − A)−1 is subject to the bound∥∥(λI − A)−1∥∥E→E  M(ϕ)1+ |λ| .
The inﬁmum of all such angles ϕ is called the spectral angle of the positive operator A and is denoted by ϕ(A) = ϕ(A, E).
For positive operator A one can deﬁne negative fractional powers α by the formula
A−α = 1
2π i
∫
Γ
λ−αR(λ)dλ
(
0< α < ∞, R(λ) = (A − λI)−1, Γ = S1 ∪ S2
)
. (1.2)
The operators A−α are bounded. By deﬁnition of A−α the operators A−α form a semigroup
A−(α+β) = A−α A−β .
Using formula (1.2), we get
A−α = 1
2π i
0∫
−∞
λ−αR(λ)dλ + 1
2π i
−∞∫
0
λ−αR(λ)dλ,
where the integrals are taken along the lower and upper sides of the cut respectively: λ = se−π i and λ = seπ i . Hence
A−α = e
απ i
2π i
∞∫
0
s−αR(−s)ds + e
−απ i
2π i
∞∫
0
s−αR(−s)ds
or
A−α = sinαπ
π
∞∫
0
s−αR(−s)ds = 1
Γ (α)Γ (1− α)
∞∫
0
s−αR(−s)ds. (1.3)
It is also possible to deﬁne positive fractional powers Aα (α > 0) of A as the operators inverse to the negative powers. If
x ∈ D(A) we obtain a formula for the positive fractional powers (0< α < 1) of the operator A:
Aαx = Aα−1Ax = sinαπ
π
∞∫
0
sα−1R(−s)Axds = 1
Γ (α)Γ (1− α)
∞∫
0
sα−1R(−s)Axds. (1.4)
In recent paper [7] the deﬁnitions of fractional derivatives as fractional powers of derivative operators −i ddt are suggested.
The Taylor series and Fourier series are used to deﬁne fractional power of self-adjoint derivative operator. The Fourier
integrals and Weyl quantization procedure are applied to derive the deﬁnition of fractional derivative operator.
In present paper the connection of fractional derivatives with fractional powers of positive operators of the ﬁrst order is
presented. The formula for fractional difference derivative is obtained. Well-posedness of fractional differential equations is
obtained.
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Theorem 2.1. Let A be the operator acting in E = C[a,b] deﬁned by the formula Av(x) = v ′(x), with the domain D(A) =
{v(x): v ′(x) ∈ C[a,b], v(a) = 0}. Then A is a positive operator in the Banach space E = C[a,b] and
Aα f (x) = Dαa+ f (x)
for all f (x) ∈ D(A).
Proof. Evidently, the operator λI + A has a bounded inverse for any λ 0, and formula
[
(λI + A)−1 f ](x) =
x∫
a
e−λ(x−z) f (z)dz (2.1)
holds. From this formula it follows that A is a positive operator in the Banach space E = C[a,b]. Applying formulas (1.4)
and (2.1), we get
Aα f (x) = 1
Γ (α)Γ (1− α)
∞∫
0
sα−1(sI + A)−1 f ′(x)ds
= 1
Γ (α)Γ (1− α)
∞∫
0
sα−1
x∫
a
e−s(x−z) f ′(z)dzds
= 1
Γ (α)Γ (1− α)
x∫
a
{ ∞∫
0
sα−1e−s(x−z) ds
}
f ′(z)dz.
Making the substitution s(x− z) = p and using formula (1.1), we obtain
∞∫
0
sα−1e−s(x−z) ds = 1
(x− z)α
∞∫
0
pα−1e−p dp = Γ (α)
(x− z)α .
Therefore
Aα f (x) = 1
Γ (1− α)
x∫
a
1
(x− z)α f
′(z)dz = Dαa+ f (x).
Theorem 2.1 is proved. 
Theorem 2.2. Let A be the operator acting in E = C[a,b] deﬁned by the formula Av(x) = v ′(x), with the domain D(A) =
{v(x): v ′(x) ∈ C[a,b], v(a) = 0}. Then
A−α f (x) = Iαa+ f (x)
for all f (x) ∈ C[a,b].
Proof. Applying formulas (1.3) and (2.1), we get
A−α f (x) = 1
Γ (α)Γ (1− α)
∞∫
0
s−α(sI + A)−1 f (x)ds
= 1
Γ (α)Γ (1− α)
∞∫
0
s−α
x∫
a
e−s(x−z) f (z)dzds
= 1
Γ (α)Γ (1− α)
x∫
a
{ ∞∫
0
s−αe−s(x−z) ds
}
f (z)dz.
Making the substitution s(x− z) = p and using formula (1.1), we get
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0
s−αe−s(x−z) ds = 1
(x− z)1−α
∞∫
0
p−αe−p dp = Γ (1− α)
(x− z)1−α .
Thus
A−α f (x) = 1
Γ (α)
x∫
a
1
(x− z)1−α f (z)dz = I
α
a+ f (x).
Theorem 2.2 is proved. 
Note that
Iαa+ f (x) = D−αa+ f (x).
3. Fractional difference derivatives
Denote that
[a,b]h = {xk = a + kh, 0 k N, Nh = b − a}.
Theorem 3.1. Let Ah be the operator acting in Eh = C[a,b]h deﬁned by the formula Ahvh(x) = { vk−vk−1h }N1 , with v0 = 0. Then Ah is
a positive operator in the Banach space Eh = C[a,b]h and
Aαh f
h(x) =
{
1
Γ (1− α)
k∑
m=1
Γ (k −m − α + 1)
(k −m)!
fm − fm−1
hα
}N
1
.
Proof. Evidently, the operator λI + Ah has a bounded inverse for any λ 0, and formula
(λI + Ah)−1 f h(x) =
{
k∑
m=1
Rk−m+1 fmh
}N
k=1
(3.1)
holds. Here R = (1 + hλ)−1. From this formula it follows that Ah is a positive operator in the Banach space Eh = C[a,b]h .
Applying formulas (1.4) and (3.1), we get
Aαh f
h(x) =
{
1
Γ (α)Γ (1− α)
∞∫
0
sα−1(sI + Ah)−1 fk − fk−1h ds
}N
1
=
{
1
Γ (α)Γ (1− α)
∞∫
0
sα−1
k∑
m=1
1
(1+ hs)k−m+1
fm − fm−1
h
hds
}N
1
=
{
1
Γ (α)Γ (1− α)
k∑
m=1
[ ∞∫
0
sα−1 1
(1+ hs)k−m+1 ds
]
fm − fm−1
h
h
}N
1
.
Since
1
(1+ hs)k−m+1 =
1
(k −m)!
∞∫
0
tk−me−t(1+sh) dt,
we have that
∞∫
0
sα−1 1
(1+ hs)k−m+1 ds =
∞∫
0
sα−1 1
(k −m)!
∞∫
0
tk−me−t(1+sh) dt ds = 1
(k −m)!
∞∫
0
tk−me−t
∞∫
0
sα−1e−tsh ds dt.
Making the substitution tsh = p and using formula (1.1), we obtain
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0
sα−1 1
(1+ hs)k−m+1 ds =
1
(k −m)!
∞∫
0
tk−me−t 1
(th)α
∞∫
0
pα−1e−p dp dt,
∞∫
0
sα−1 1
(1+ hs)k−m+1 ds =
1
(k −m)!
∞∫
0
tk−m−αe−t dt 1
hα
Γ (α).
Therefore
Aαh f
h(x) =
{
1
Γ (1− α)
k∑
m=1
1
(k −m)!
∞∫
0
tk−m−αe−t dt 1
hα
fm − fm−1
h
h
}N
1
.
Theorem 3.1 is proved. 
So it will be natural to note that
Dαh f
h(x) :=
{
1
Γ (1− α)
k∑
m=1
Γ (k −m − α + 1)
(k −m)!
fm − fm−1
hα
}N
1
.
It is called the Riemann–Liouville fractional difference derivative of order α.
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